Within the context of the Maxwell Garnett model, we calculate the nonlinear susceptibility of a composite optical material comprised of spherical inclusion particles contained within a host material. We allow both constituents to respond nonlinearly and to exhibit linear absorption. Our treatment takes complete account of the tensor nature of the nonlinear interaction, under the assumption that each constituent is isotropic and that the composite is macroscopically isotropic. The theory predicts that there are circumstances under which the composite material can possess a nonlinear susceptibility that is larger than that of either of its constituents. It also predicts that, for the case in which the host material responds nonlinearly, the tensor properties of the nonlinear susceptibility of the composite can be very different from those of the host material.
I. INTRODUCTION Approaches to the development of optical systems with desirable nonlinear optical properties, such as large nonlinearities and fast responses, generally follow one of three routes. The first is that of malecular engineering, where one attempts to find, or to design at the molecular level, materials with intrinsic nonlinear optical properties of interest. The second is that of propagation desi'gn, where the geometry of the system results in light propagation which enhances the effect of the nonlinearities. Here the optical fiber is a prime example [1] ; diffractionfree propagation over long distances leads to the dramatic importance of nonlinear effects, despite the small intrinsic nonlinearities of optical glass. Quasi-phasematching in second-harmonic generation structures [2] is another example.
A third approach is based on materials architecture. Here different materials are combined to form a composite optical material [3] . Such a medium is comprised of a mixture of two or more components that differ in general with respect to both their linear and nonlinear optical characteristics, yet is homogeneous on a distance scale of the order of the optical wavelength. Hence the propagation of light can be described by means of suitably defined effective linear and nonlinear optical susceptibilities. Multiple quantum wells and superlattices fall into this category, although these structures are small enough that bulk properties cannot be ascribed to their components. Other examples are the metal colloids [4] and semiconductor-doped glasses [5] studied experimentally and theoretically by, e.g. , Flytzanis and co-workers, where large enhancements (up to 10 ) in the value of the nonlinear susceptibility were reported [4] , albeit with concomitantly enhanced absorption. In such simplerand in principle easier to manufacture -composite rnaterials, it is often a good first approximation to treat the linear-and nonlinear-response coefficients of the constituent materials to be the bulk response coefficients, or to be those coefficients modified slightly to describe, e.g. , the change in transport properties due to the small size of the inclusion particles.
The earliest theory to deal with the linear optical properties of such composites is due to Maxwell Garnett. In his work [6] , the composite material is assumed to be comprised of spherical inclusion particles embedded in a host material, both of which are assumed to be isotropic and to respond linearly to the incident light. Agarwal and Dutta Gupta [7] and Haus et al. [8] The averaged fields are then defined by E(r) = f A(r -r')e(r')dr', P(r) = f b, (r -r')p(r')dr', P (r) = f b, (r -r')p (r')dr' . We surround the point r by a sphere of radius R centered at r (see Fig. 2 ), and we write (2.13) e(r) =e (r)+e'"(r)+e'"'(r), E(r) =E (r)+E'"(r)+E'"'(r), (3.1) where the third Our goal is to find a constitutive relation between P'(r} and E(r). Since the range R of b, (r) is very much larger than the characteristic separation b of the inclusions, we expect that the resulting linear and nonlinear susceptibilities will be spatially uniform; however, since R «A. , these averaged fields can be used to describe the propagation of light through the medium. The resulting susceptibilities thus characterize an effective medium" that de- scribes the optical properties of the composite material, and we refer to the averaged fields E(r), B(r), etc. as "macroscopic fields. " We refer to the fields e(r) and b(r) as "mesoscopic fields, " since they contain more spatial information than the macroscopic fields, but yet are themselves averages of the microscopic electric and magnetic fields, which vary greatly over interatomic distances. e(r) -E(r) =e'"(r) -E'"(r) . Next, since R «A, , we can use the laws of electrostatics (the co -+0 limit of the Maxwell equations) in estimating both e'"(r) and E'"(r). For the latter, we can also assume that P'(r) is eff'ectively uniform over the sphere, and so Eqs. (2.14) in the electrostatic limit immediately yield [11] (3.3) where e (r) and E (r) are the above-mentioned homogeneous solutions. We define e'"(r) to be the contribution to e(r) from p'(r') taken at points r' within the sphere, and e'"'(r) to be the contribution from points r' outside the sphere Like. wise, E'"(r) and E'"'(r) contain, respectively, the contributions to E(r) from P'(r') taken at points r' inside and outside the sphere. Now, since Ec(r } is the spatial average of e (r) over a distance of the order of R, and e (r) varies only over distances of order A, , which is very much greater than R, we may take e (r)=E (r). Further, since we have assumed that R &&b, the precise locations of the inclusions outside the sphere are unimportant in determining e'"'(r), and to good approximation we may take e'"'(r) =E'"'(r). Then We find e'"(r) by solving Eqs. (2.7) in the electrostatic limit, and then restricting the source term p'(r') that appears in the solution to points r' within the sphere (~r -r'~& R ). The result is [12] e'"(r}= f T(r -r').p'(r'}dr' -z p'(r}, Tj&~r -r'~&R 36 (3.4) where the radius g of the region excluded from the integration is allowed to go to zero after the integral in Eq. (3.4) f T'(r -r')dr'=0, (4.4a) f To(r -r')dr'=0,
r' 6sphere In the first equation, the range of integration is over all space and the result follows from the fact that c(r) depends only on r =~r~, and that the integral of T (r) over solid angle, for fixed r, vanishes. In the second two equations, the range of integration is the interior of a sphere of radius a; in Eq. (4.4b) r is any point within the sphere, while in Eq. (4.4c) r is a point outside the sphere and ro the position of the center of the sphere. Equations (4.4b) and (4.4c) may be derived, e.g. , by using the fact that T(r) =ei, 'V Vr ', and using Gauss's theorem.
We now return to a consideration of the polarization of the medium. From Eq. (2.6) we have (4.4b) 4~'(r") =(e' -e")8'(r")e(r"), (4.5) 4~'(r") =(E e }8'(r" ) E'(r") -p (r") 4m 3 + f T'(r" -r').p'(r')dr' =3@"P8'(r") E'(r")+ f T'(r" -r').p'(r')dr' (4.6) where we have put (4.7) p(r) =y"e(r)+p'(r), P(r) =y"E(r)+P'(r), ( 
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We now wish to use Eq. (4.6) Note that the "local-field correction factor, " in this case 46 (e+2e")/(e'+2@"), appears in fourth order [15] In Fig. 4 we plot the enhancement in the quantity Some of the tensor properties of the nonlinear response of the composite material are shown in Fig. 5 - E i'(r)= -P (r)+e-' f K(k;r -r') p (r')dr', 
Thus, even if the total E(r) includes E (r), and the total e(r) includes e (r), Eq. (A43) will still hold. 
e(r)=E'(r) -p(r)+ f T'(r~r') p(r')dr', 3c
We are interested only in the lowest order in kR, so we take N(k;r)~N"'(r 
